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In this paper we obtain characterizations of spherical submanifolds in Euclidean space of codimension ^1. Such characterizations are given here in terms of certain relationships involving the elementary symmetric functions of principal radii of curvature and the support function of a submanifold.
1. Introduction* For hypersurfaces similar characterizations are well known. For example, let M be a closed convex hyper surface in Euclidean space, h the support function of M, and Si the elementary symmetric function of order I of principal curvatures. It has been proved by several authors (see Simon [8] , and further references given there) that if for some integer 1(1 <£ I <; dim M) everywhere on M h ι Sι = const, then M is a hypersphere. Other results of this type are also known [8] , [9] .
Our proofs are based on a differential analogue of the Minkowski-Hsiung formulas, relating the support function and elementary symmetric functions of various orders of the principal radii of curvature. Those formulas are obtained for submanifolds which possess a nondegenerate normal vector field parallel in the normal bundle.
Finally, we note that characterizations of spherical submanifolds in terms of the elementary symmetric functions of principal curvatures are obtained by Chen [2] and Chen and Yano [4] (see also Chen [3] , Chapter 6) .
The author wishes to thank the referee for useful comments.
2* Preliminaries* In this section we shall present local formulas relating the second fundamental form and the support function of a submanifold in Euclidean space. We shall use the following convention on the ranges of indices: 1 ^ i, j 9 k, I, r <i m , 1 ^ a ^ n , and as usual, it is agreed that repeated lower and upper indices are summed over the respective ranges. We denote by E the Euclidean space of dimension m + n, and we fix the origin at some point 0. 
The metric I, or the first fundamental form induced on M from E via X, is G ti = (X if Xj), where <,> denotes the inner product in E. Let ζ be an arbitrary unit normal vector field defined in a neighborhood U of xeM.
The second fundamental form at x with respect to £ is II(ξ) = buffidufdu 3 ', where δ <y (£) = -<X*, £ y >. Let ^ be a unit normal vector field in U not necessarily different from £. The mixed third fundamental form is ΠI(ξ, TJ) = g t j(ξ, ifidvfdu*, where βaiξf V) = <&, 7i> We write ///(£) = ///(ί, f), and Λj (f) = Λy (f f f). Evidently, ^3 (f, ^7) = ^(17, £), but, in general, no other symmetries exist. For a unit normal vector field ζ e N(M), h(ξ) denotes the support function of M with respect to ξ, that is, h(ξ)=-(X, £>.
Recall that a nondegenerate normal vector field on M is a unit normal vector field ξ such that άet(b tj (ξ)) Φ 0 everywhere on M (see [2] , and also [3], p. 59).
Vectors {X % ) form a basis in T X (M), xeM, and we denote by {N{a)} a field of orthonormal frames in N(M). Put
At first we note that & 4i (£) = (X ίj9 ξ>, and 6 4i (f) = b jt (ξ) for a unit normal vector field ξ. Also, fty(f) = -<f*y, f > = £#(£). Suppose that ί is parallel in N(M), that is, &e Γ(Λf), ΐ = 1, •••, m, everywhere on ikf, and let η be an arbitrary unit normal vector field on M. Then g iS (ξ 9 η) = -<f iy , )?> -g Jt (ξ, η) .
In the frame X u •••, X TO , i\Γ(l), •••, N(ri) we have for an arbitrary unit vector field ζeN(M):
where 6{(f) = b u (ξ)G lύ , and G Iy being the inverse of G zi . From here, for two unit normal vector fields £ and η, we find (2 ) ft y (£,
Λi (£, 7) -6ί(£)δ ri (7) . Note that when ilί, £ and η are such that //(£) and II (rj) Proof. Let the symbol ^ denote an immersion, and -> a pullback of the mertic from the ambient space. Then the following diagram is commutative in ^ and ->.
where σ is the standard imbedding of Σ in E, and g is the metric induced on Σ from E. The Proposition is proved.
For convenience we write h(a) = h (N(a) ). The position vector field X of a submanifold M can be decomposed into two parts:
where
If ξ is nondegenerate and parallel, then from (1) we see that (7) Xr=-* where g i3 \ζ) are the elements of (g (j (ξ))~\ and /&,(
Under the above assumptions on ξ we obtain with the use of (4) (8) b
a 3* The elementary symmetric functions of principal radii of curvature and the associated differential equations* Let ξ be a unit normal vector at a point xeM.
The principal radii of curvature associated with ξ are denoted by R ξl , --,R ξm and defined as the roots of the determinantal equation
If ζ is a restriction to x of a nondegenerate vector field, then III(ξ) is positive definite, and in this case the R H are well defined. Moreover, in this case they do not vanish. Let g(ξ) = det(fjr <y (f)). The elementary symmetric function of order k in R H (nonnormed) = Σ and it is the coefficient at { -R) m~k of the polynomial
, where λ is real. Consider a polynomial in λ defined by the equation (10) where α^X J) is the cofactor of the element <%(£). The proof of this Proposition is standard and we omit it here.
Suppose now that £ is a nondegenerate parallel vector field. Then in view of (8), (9), and (10) we put
It is not difficult to see that
be a submanifold of E and ξ a nondegenerate parallel normal vector field defined in a neighborhood of xeM.
Then
where H ξk is a uniquely defined vector in N' X (M) = N X (M) Q ς independent on the choice of basis in NXM). If k -1, then -H ξl is the m times mean curvature vector of the submanifold Ί ξ {M)c:Σ.
Proof. Since ξeN x (M), we can select an orthonormal basis in N X (M) so that 5 is one of the vectors in this basis. Let us preserve the old notation for the new basis, and let ζ = N(l). Then
The form -(Sii/giξ^g^ζ, η), where ηeN x (M), is linear in η. Therefore, there exists a unique element H ζk in N X (M) such that
(Strictly speaking, the inner product in the last formula should be taken in N X (M) .
But it is induced in N X (M) from E, and, therefore, it is the same in either sense.) Thus, we conclude that (14) for all x e M . 
These differential operators proved to be useful in the study of uniqueness Theorems for convex hypersurfaces in Euclidean space [7] . (In this case they are elliptic, and the last term in the right-hand side vanishes.) It is plausible that they have applications in establishing uniqueness Theorems for submanifolds of E in codimension >1. We hope that we come back to it again elsewhere. 4* Applications* We begin with a slight generalization of the formula (14), which leads to an integral formula relating the elementary symmetric functions of arbitrary order. This formula is of Minkowski-Hsiung type, and in the form involving two consecutive elementary symmetric functions of principal curvatures it was derived and studied by many authors (see Chen and Yano [4] , and also [3], Chapter 6; in both sources further references can be found). However, the methods of those authors do not seem to generalize so as to obtain the following formulas (16) and (17).
In what follows, unless stated otherwise, it is assumed that M is a compact submanifold without boundary.
The following Lemma is a version of E. Hopf's Lemma on Laplace-Beltrami operator.
LEMMA. Suppose that M is a submanifold of E, ξ is a nondegenerate parallel normal vector field on M, and h f is a smooth function on M. Put
where the coefficients SH are the same as in (11). Then 
If k -1 and, in addition, we assume that P ςk (h f ) does not change its sign on M, then h f is a constant function on M. The same is true when k>l provided there exists at least one point on M where Π(ξ) Φ 0.
Proof. It is easy to see, with the use of formula (4) , that b iS (ξ) is a Codazzi tensor with respect to Γ •>(£). Therefore, P ξk (h') can be written in the divergence form (15) (see [5, 7] ). When k > 1 and II(ξ) Φ 0 at some point of M then II(ξ) Φ 0 everywhere on M because ξ is nondegenerate. By Proposition 3.1 the operator P ζk (h') is uniformly elliptic. Now the rest of the proof runs similarly to the standard proof of E. Hopf 's Lemma on the Laplace-Beltrami operator on a compact Riemannian submanifold ( [6] , p. 338). The Lemma is proved. THEOREM 
Let M be a submanifold of E and ζ a nonde-generate parallel normal vector field on M. Then for arbitrary ft
and s, ft = 1, , m, s = 1, %,--,k,
where h = h(ξ) is the support function of M with respect to ξ.
Proof. Formula (16) follows from the formulas (12) and (14); and (17) is obtained from (16) by integrating, applying Green's formula, and the preceding Lemma. 
ί S n^( B)h(ξ)dO(ξ) + \ (H m X}dO(ξ) .

JM
This formula is an analogue of an integral formula due to Chen and Yano [4] .
We recall that if a submanifold M (not necessarily compact) of E is contained in a hypersphere of E centered at the origin, then it is called a spherical submanifold (see [2] ).
In the following we often make use of a Theorem due to Chen [2] . (12), (14), the Lemma, and Theorem A. THEOREM 
Let M be a submanίfold in E and ξ is a nondegenerate parallel normal vector field on M. Assume further that for some k, k = 1,2,
, m, at every point of M
where c is a constant such that the expression [k-c(m-k + l)]S n (R) -(H ζkf X) is either nonnegative or nonpositive. Then M is a spherical submanifold.
Proof. In the formula (16) set 8 = 1. Then by (19) [fc -c(m -fc + ΐ)]SM -(H ζk , X) = P n (h) , and the Theorem follows from the Lemma and Theorem A. In case i = la result similar to this Theorem has been given by Wegner [9], Satz 2. His result can be also obtained by our method, and furthermore, it can be generalized for k > 1.
Let M = S m , where S m is a standard m-sphere lying in m + 1-dimensional Euclidean space E m+1 aE. Then, evidently, H ζk^0 for all k, and ξ is the unit normal vector field on S m in E m+1 . With this fact in mind we state the following Proof. We show at first that the function S ξk (R) does not change its sign on ikf. Let A be a point on ikf where II(ξ) is definite. Then the principal radii of curvature R ξi9 i = 1, •••, n, must all be of the same sign at A. Since ξ is nondegenerate R ζί will all have the same sign everywhere on ikf. Hence, the function S ξk (R) can not change its sign on ikf, and moreover it does not vanish on ikf.
Now it is clear that the expression
is either nonnegative or nonpositive and therefore by Theorem 4.2. M is a spherical submanifold. On the other hand,
hence, the formula (18) implies that c = k/(m -k + 1). The Corollary is proved.
A Theorem similar to Theorem 4.2 can be stated with the use of Theorem 4.1.
We point out only a particular case of it. 
(a)
kS ίk (R)
Then M is a spherical submanifold.
Proof. The conditions (a), (b), (c) and Proposition 3.1 imply that all integrals in formula (17) must vanish. Hence h(ζ) = const, that is, ikf is a spherical submanifold. Proof. For a hypersurface in E, ξ is always parallel, and since M is strictly convex, ξ is nondegenerate. Also H ζ ι ΞΞ 0 for I = 1, , k. The support function h(ζ) can always be made strictly positive by placing the origin of the coordinate system in E inside M. Now the Corollary follows from Theorem 4.4. REMARK 1. As was mentioned in the introduction, this Corollary is known. In particular, the condition quoted earlier can be expressed in terms of the elementary symmetric functions of principal radii of curvature as follows:
If in Corollary 4.3 we take k -m, then we obtain the above result. It is due to Suss; see [8] The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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